Abstract-This paper describes a general method for introducing structured nonorthogonal grids into high-order finitedifference time-domain schemes for solving Maxwell's equations. The method employs a coordinate transformation to map an arbitrary nonorthogonal structured grid onto a rectangular grid with uniformly spaced cells where any of the well-known highorder finite-difference formulations can be applied. A simple twodimensional guided wave problem is used to illustrate all the relevant concepts.
I. INTRODUCTION
The most attractive feature of high-order finite-difference time-domain (FDTD) methods (e.g. [1] - [3] ) is that they can produce accurate results using discretization grids that are much coarser than those required by the traditional second order scheme [4] . However, when relatively coarse discretization grids are used, accurate models for material boundaries are needed, otherwise large staircasing errors are introduced. With one known exception [5] , all high-order FDTD methods have been formulated on a rectangular (or Cartesian) grid with either uniformly or nonuniformly spaced cells. As a result, the applicability of many high-order FDTD methods has been unnecessarily restricted to problems where material boundaries can be expressed in a rectangular coordinate system. To provide greater flexibility, this paper shows that there is a general procedure for introducing nonorthogonal structured grids into any high-order FDTD method originally formulated on a rectangular grid. The basic idea behind the proposed procedure is very simple: a coordinate transformation is used to map an arbitrary nonorthogonal structured grid onto a rectangular grid with uniformly spaced cells where any of the well-known high-order FDTD formulations can be applied.
To implement this idea, two different spatial domains must be clearly defined. The first one is a physical space where coordinate lines (i.e. lines traced by varying only one coordinate at a time) are conformal to all material boundaries. The second one is a computational space where coordinate lines are straight and a uniform rectangular grid can be used to carry out the time stepping. Generating a coordinate transformation to map one space onto the other can be a challenging task; nonetheless, many general-purpose techniques for doing this have already been developed in fluid dynamics, acoustics and other disciplines. For this reason, rather than focusing on different techniques for generating coordinate transformations, the upcoming discussion concentrates on the remaining elements of the proposed nonorthogonal gridding methodology: providing a formulation of Maxwell's equations in a general curvilinear coordinate system that is suited for a FDTD discretization (Section II); and illustrating how the introduction of high-order finite differences enables the use of coarse discretization grids (Section III). While the idea of using coordinate transformations to introduce nonorthogonal structured grids was proposed earlier in [6] , [7] , this is the first time that it is applied to a high-order scheme. Moreover, when compared to the high-order scheme in [5] , the proposed approach halves the required number of field unknowns per grid cell by retaining the staggering arrangement proposed by Yee [4] . Notice that the proposals in [5] - [7] are based on earlier ideas put forward in [8] , [9] , and that the present work complements [10] , [11] , which applies to structured orthogonal grids only.
II. MAXWELL'S EQUATIONS IN A GENERAL
CURVILINEAR COORDINATE SYSTEM Expressing Maxwell's equations in a clear and concise manner using general curvilinear coordinates requires the use of a few notational conventions and tensor definitions that will now be introduced. In what follows, x i refers to Cartesian coordinates and u i refers to general curvilinear coordinates.
A. Basis Vectors and Metric Tensors
Let us begin by assuming that an invertible mapping
exists. As usual, the location of any point in space can be expressed in terms of a position vector r = x 1 i 1 + x 2 i 2 + x 3 i 3 where i j (or i j ) stands for the j-th Cartesian basis (or unit) vector. By differentiating r with respect to u i , a set of vectors g i = ∂r/∂u i can be defined. They are known as covariant basis vectors, and their Cartesian components are
Similarly, by differentiating u i with respect to x j , a set of contravariant basis vectors g i can be defined:
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Both sets of curvilinear basis vectors constitute a basis for 3-D Euclidean space. Therefore, any vector E may be expressed in either a covariant or a contravariant basis where e i = E · g i is the i-th covariant and e i = E · g i is the i-th contravariant component of E. To avoid confusion, lowercase letters are used to express vector components in terms of a general curvilinear basis while uppercase letters are used to express vector components in terms of a Cartesian basis (i.e. E i = E·i i and
It is important to remember that the location of vector or tensor indices (as either subscripts or superscripts) is immaterial in a Cartesian basis (i.e. E i = E i and i i = i i ). However, this is not the case in a general curvilinear basis (i.e. e i = e i and g i = g i ). Moreover, the components of E can be translated back and forth between Cartesian and general curvilinear bases by using the following relations:
Using the two sets of curvilinear basis vectors g i and g i , we can define the covariant and contravariant metric tensors as
respectively. Note that a coordinate transformation is said to be nonorthogonal iff g ij = 0 (or g ij = 0) for any i = j.
B. Ampère and Faraday's Laws in a Curvilinear Vector Basis
With all the necessary notational conventions and tensor definitions now in place, we can proceed to express Maxwell's equations in a curvilinear vector basis. For simplicity, an isotropic, nondispersive and lossless medium is assumed. In general form, Maxwell's curl equations are To obtain the corresponding component form, both sides of these equations must be dotted with g q . This leads to
where {i, j, k} must be taken in cyclic order {1, 2, 3} and g = det(g ij ). For later use, it is convenient to define
Observe that µ qi and ε qi play the same role in a general curvilinear basis that anisotropic media tensors play in a Cartesian basis. With (8) and (9) now at hand, let us use a simple 2-D example to describe how they can be used to introduce a structured nonorthogonal discretization grid.
III. PROPOSED NONORTHOGONAL GRIDDING METHOD
Assuming that x 3 = u 3 and that nothing varies along the x 3 -axis direction, the field components in (8) and (9) get split into two independent sets. The first one is the TE 3 set, which contains e 1 , e 2 and h 3 . The second one is the TM 3 set and it contains the remaining field components. In what follows, the TE 3 set is used to analyze the structure shown in Fig. 1 . As an excitation source, a Gaussian pulse (bandlimited to 80 GHz) with a uniform wavefront is used. The goal is to model the propagation of the pulse as it travels through the bend by making an efficient use of a high-order FDTD scheme. Doing this requires the use of a conformal nonorthogonal grid, which can be introduced as described next.
A. First Step: Introducing a Coordinate Transformation
As a first step, a coordinate transformation is defined so that, when the u 1 and u 2 coordinate lines are traced, they follow all the material boundaries of interest in physical space. For this case, a suitable coordinate transformation is given by [12] :
where w, , r and ϕ have been defined in Fig. 1 . Plots of a few u 1 and u 2 coordinate lines in both physical and computational spaces are given in Fig. 2 . From the bottom plot, it is evident that the outer coordinate lines trace the PEC walls in physical space. As a result, enforcing the PEC boundary conditions in computational space is straightforward.
B. Second Step: Discretizing Maxwell's Equations
As a second step, (8) and (9) must be discretized on a uniform rectangular grid using the high-order FDTD scheme of choice. In our case, the discretization scheme in [3] has been chosen. Using the traditional shorthand notation, the discrete equivalents of (8) and (9) for the TE 3 case are given by 
The weighting coefficients associated with the finite differencing sums are defined as
where φ(x) is the Deslauriers-Dubuc interpolating function of order L, which is a parameter generated from the sequence L = 2p − 1 for p = 1, 2, 3, . . . The order of accuracy of the employed finite differences is 2L. Lastly, observe that, with a few minor differences, p = 1 corresponds to the second order accurate finite differencing schemes presented in [6] , [7] .
C. Third Step: Leapfrogging in Computational Space
As a third and final step, (13)-(17) are leapfrogged in time in the given arrangement. For the chosen example, three different discretization grids were used. The parameters that define each of the three grids are listed in Table I . Computed results for all three cases are given in Figs. 3-5. As stated earlier, the key advantage of using high-order schemes is that they allow the user to utilize a relatively coarse grid. The first grid was selected to be fine whereas the second and the third grids were selected to be coarse for the given plot resolution. The results obtained with the first grid (Fig. 3 ) have converged and are intended to be used as a reference solution. The second and third grids are identical except for the order of accuracy of the finite differences that were utilized. By comparing the results obtained with the second (Fig. 4) and third (Fig. 5) grids, it is easy to see that using high-order finite differences (i.e. p = 3 vs. p = 1) leads to a scheme with lower numerical dispersion and faster convergence. This demonstrates the importance of extending the work in [6] , [7] to a high-order framework.
IV. CONCLUSION
In summary, a general method for introducing structured nonorthogonal grids into high-order FDTD schemes for solving Maxwell's equations has been presented. It was shown that the process of discretizing Maxwell's equations is independent of the grid topology, which can be specified using a coordinate system transformation. For relatively simple geometries (such as the waveguide bend analyzed here), it is usually possible to find a suitable coordinate transformation using pencil and paper techniques; however, for more complex geometries, it is necessary to employ a systematic approach. Many generalpurpose techniques for generating coordinate transformations Table I. have been developed in other disciplines, and they can be applied to electromagnetics following the steps outlined here.
